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We study quench dynamics and defect production in the Kitaev and the extended Kitaev models. For the
Kitaev model in one dimension, we show that in the limit of slow quench rate, the defect density n�1 /��,
where 1 /� is the quench rate. We also compute the defect correlation function by providing an exact calculation
of all independent nonzero spin correlation functions of the model. In two dimensions, where the quench
dynamics takes the system across a critical line, we elaborate on the results of earlier work �K. Sengupta, D.
Sen, and S. Mondal, Phys. Rev. Lett. 100, 077204 �2008�� to discuss the unconventional scaling of the defect
density with the quench rate. In this context, we outline a general proof that for a d-dimensional quantum
model, where the quench takes the system through a d−m dimensional gapless �critical� surface characterized
by correlation length exponent � and dynamical critical exponent z, the defect density n�1 /�m�/�z�+1�. We also
discuss the variation of the shape and spatial extent of the defect correlation function with both the rate of
quench and the model parameters and compute the entropy generated during such a quenching process. Finally,
we study the defect scaling law, entropy generation and defect correlation function of the two-dimensional
extended Kitaev model.

DOI: 10.1103/PhysRevB.78.045101 PACS number�s�: 73.43.Nq, 05.70.Jk, 64.60.Ht, 75.10.Jm

I. INTRODUCTION

Quantum phase transitions involve a fundamental change
in the symmetry of the ground state of a quantum system.
Such a transition usually takes place due to the variation of
some parameter � in the Hamiltonian of the system and is
necessarily accompanied by diverging length and time
scales.1 A direct consequence of such a diverging time scale
is that a quantum system fails to be in the adiabatic limit
when it is sufficiently close to the quantum critical point.
Thus a time evolution of the parameter � at a finite rate 1 /�,
which takes such a system across a quantum critical point
located at �=�c, leads to failure of the system to follow the
instantaneous ground state in a finite region around �c. As a
result, the state of the system after such a time evolution
does not conform to the ground state of its final Hamiltonian
leading to the production of defects.2,3 It is well known that
for a slow quench, the density of these defects n depends on
the quench time � according to n�1 /�d�/��z+1�, where � and z
are the correlation length and the dynamical critical expo-
nents characterizing the critical point, respectively.4–6 A the-
oretical study of such a quench dynamics requires a knowl-
edge of the excited states of the system. As a result, early
studies of the quench problem are mostly restricted to quan-
tum phase transitions in exactly solvable models such as the
one-dimensional �1D� Ising model in a transverse field,7–9

the infinite range ferromagnetic Ising model,10 the 1D XY
model,11,12 quantum spin chains,13–15 Bose-Hubbard model,16

Falicov-Kimball model,17 and 1D spinless fermionic
chains.18 On the experimental side, trapped ultracold atoms
in optical lattices provide possibilities of realization of many
of the above-mentioned systems.19 Experimental studies of
defect production due to quenching of the magnetic field in a
spin-one Bose condensate has also been undertaken.20

Recently, Kitaev proposed a two-dimensional �2D� spin-
1/2 model on a honeycomb lattice with a Hamiltonian21

H1 = �
j+l=even

�J1� j,l
x � j+1,l

x + J2� j−1,l
y � j,l

y + J3� j,l
z � j,l+1

z � , �1�

where j and l denote the column and row indices of the
honeycomb lattice �Fig. 1�. This model has several interest-
ing features which led to a plethora of theoretical works on
it.22–24 For example, it provides a rare example where a 2D
model can be exactly solved using a Jordan-Wigner
transformation.21,22,25,26 Further, when J3=0, the model pro-
vides an example of a 1D spin model which supports a to-
pological quantum phase transition with the critical point at
J1=J2.22 Moreover, in d=2, the model supports a gapless
phase for �J1−J2��J3�J1+J2 which has a possible connec-

FIG. 1. �Color online� Schematic representation of the Kitaev
model on a honeycomb lattice showings the bonds J1, J2 and J3.
Schematic pictures of the ground states, which correspond to pairs
of spins on vertical bonds locked parallel �antiparallel� to each other
in the limit of large negative �positive� J3, are shown at one bond on

the left �right� edge respectively. M� 1 and M� 2 are spanning vectors of
the lattice, and a and b represent inequivalent sites.
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tion to a spin liquid state and demonstrates fermion fraction-
alization at all energy scales.23 Finally, it has been shown in
Ref. 21 that the presence of magnetic field, which induces a
gap in the 2D gapless phase, leads to nonAbelian statistics of
the low-lying excitations of the model; these excitations can
be viewed as robust qubits in a quantum computer.27 An
extended version of this model has also been suggested in
Ref. 28 which has the Hamiltonian

H2 = J4	 �
j+l=odd

� j,l
y � j+1,l

z � j+2,l
x + �

j+l=even
� j,l

x � j+1,l
z � j+2,l

y 
 + H1.

�2�

The quench dynamics of the 2D Kitaev model has been
studied very recently in Ref. 29. It has been shown that for
this model, quenching J3 takes the system through a critical
line instead of critical point which leads to unconventional
variation of the defect density as a function of the quench
rate. In this context, it has also been shown that for a general
d-dimensional model, where the quench takes the system
through a d−m dimensional hypersurface characterized by
the correlation length exponent � and dynamical critical ex-
ponent z, the defect density obeys nd�1 /�m�/�z�+1�. The Ki-
taev model provides a concrete example of such a quench for
d=2 and m=1. The defect correlation function for such a
quench has also been computed in Ref. 29.

In this work, we extend and elaborate on the results of
Ref. 29 and study the quench dynamics of the Kitaev model
both in d=1 and d=2 and the extended Kitaev model in d
=2. The main results that we have obtained are the follow-
ing: First, we show that in 1D �J3=0�, where quenching J1
takes the system across the topological quantum critical
point located at J1=J2, the density of defects produced due to
the quench scales as 1 /�� in the limit of slow quench �large
��. We also identify and compute all independent nonzero
spin-spin correlation functions and use them to elucidate the
spatial extent of the defect correlation function. Second, we
outline a general proof of the result reported in Ref. 29 that
for a d dimensional quantum model, where the quench take
the system through a d−m dimensional hypersurface charac-
terized by the correlation length exponent � and dynamical
critical exponent z, the defect density obeys nd
�1 /�m�/�z�+1�. Third, we elaborate on the variation of shape
and size of the defect correlation function for the 2D Kitaev
model with the quench rate and the model parameters.
Fourth, we compute the entropy generated due to such a
quench and discuss its dependence on the model parameters
and the quench rate. Finally, we study the defect scaling law,
entropy generation and defect correlation function of the 2D
extended Kitaev model described by H2.

The organization of the paper is as follows: In Sec. II A,
we analyze the quench dynamics of the Kitaev model in 1D
and obtain the quench rate dependence of the defect density.
This is followed by Sec. II B, where we compute the 1D
correlation functions and use them to discuss the nature of
the defect correlation function. Next, in Sec. III A, we obtain
the quench rate dependence of the defect density in 2D. The
computation of the defect correlation function is detailed in
Sec. III B and the entropy generated during the quench pro-

cess is computed in Sec. III C. This is followed by the study
of quench dynamics of the extended Kitaev model in Sec. IV.
Finally, we conclude in Sec. V.

II. QUENCH IN ONE DIMENSION

A. Defect density

For J3=0, the Kitaev model represents a spin-1/2 model
in 1D with the Hamiltonian

H1D = �
n

�J1�2n
x �2n+1

x + J2�2n−1
y �2n

y � , �3�

where n denotes site indices of a one-dimensional chain with
N sites �we will assume N is a multiple of 4�. The lattice
spacing a and the Planck constant � will be set equal to 1 in
the rest of this work. The Hamiltonian in Eq. �3� can be
exactly diagonalized using a standard Jordan-Wigner
transformation,30

an = � �
j=−�

2n−1

� j
z
�2n

y , bn = � �
j=−�

2n

� j
z
�2n+1

x , �4�

where an and bn are independent Majorana fermions at site n.
They satisfy relations such as an

†=an, bn
†=bn, �am ,an�

=2�m,n, �bm ,bn�=2�m,n, and �am ,bn�=0. The label n for an
and bn go over N /2 values since that is the number of unit
cells. In terms of these operators, H1D can be written as

H1D = i�
n

�J1bnan + J2bnan+1�

= 2i�
k=0

	

�bk
†ak�J1 + J2eik� + ak

†bk�− J1 − J2e−ik�� , �5�

where the Majorana fermion creation and destruction opera-
tors ak

† and ak are Fourier components of the an’s,

an =� 4

N
�
k=0

	

�ake
ikn + ak

†e−ikn�

+� 2

N
�a0 + a0

† + a	�− 1�n + a	
† �− 1�n� . �6�

The sum over k in Eq. �6� only goes over half the Brillouin
zone because an describes a Majorana fermion; the number
of modes lying in the range 0�k�	 is N /4. �The modes
with k=0 and 	 have a coefficient of �2 /N instead of �4 /N
because there is no distinction between k and −k for these
modes. However we will ignore this subtlety below because
we will be interested in the N→� limit, and we will change
from a sum over k to an integral over k.� The operators ak

and ak
† satisfy the anticommutation relations �ak ,ak�

† �=�kk�
and �ak ,ak��=0. One can now define a two component fer-
mionic creation operator 
k= �akbk�, so that H1D can be writ-
ten as

H1D = �
k=0

	


k
†Hk
k,

where
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Hk = 2i� 0 − J1 − J2e−ik

J1 + J2eik 0

 . �7�

From Eq. �7�, we find that H1D can be diagonalized leading
to an energy spectrum consisting of two bands,

Ek
� = � 2�J1

2 + J2
2 + 2J1J2 cos k . �8�

Note that the band gap vanishes at J1= �J2 for k=	 and 0,
respectively, where the bands touch each other. It was shown
in Ref. 22 that this vanishing of the energy gap signals a
topological phase transition between the two phases of the
model at J1�J2 and J1
J2.

To study the quench of the system across this critical
point, we will now consider what happens when we evolve
J1 linearly in time at a rate 1 /� from −� to �, keeping J2
fixed at some positive value: we take J1=J2t /�. The ground
states of H1D in Eq. �7� have �2n

x �2n+1
x =1 and −1 for t=−�

and �, respectively, for all values of n. In terms of the
Hamiltonian in Eq. �7�, the ground and excited states for J1
→−� are, respectively, given by


1k =
1
�2

�1

i

 and 
2k =

1
�2

� 1

− i

 . �9�

For J1→�, the ground and excited states are given by 
2k
and 
1k, respectively.

By a change of basis, one can rewrite Eq. �7� in the form
H1D=�k
k�

†Hk�
k�, where

Hk� = 2�J1 + J2 cos k − J2 sin k

− J2 sin k − J1 − J2 cos k

 . �10�

Note that unlike Eq. �7�, the off-diagonal elements of Eq.
�10� do not change with time if J2 is held fixed. As a result,
the problem of quench dynamics is reduced to solving a
standard Landau-Zener problem for each momentum k.31

The density of defect formation n can thus be found to be32

n = �
0

	 dk

	
pk,

where

pk = e−2	J2� sin2 k �11�

denotes the probability of the system to remain in the initial
�J1→−�� ground state for momentum k. For J2��1, the
contribution to n comes mainly from the regions near k=0
and 	 where pk=1. Thus one finds that in the slow quench
regime n�1 /�J2�. Such a 1 /�� scaling of defect density
conforms to the prediction of Ref. 4. For the present case, it
is easy to see from Eq. �8� that the gap ��k�=E+�k�−E−�k�
vanishes linearly at the critical point both with the quench
parameter J1 and with momentum around k=0 and 	, so that
z�=z=1. Thus, n�1 /�d�/�z�+1�=1 /�� in 1D.

A plot of the defect density as a function of the quench
time � is shown in Fig. 2. The plot confirms the expected
result, that the defect density is maximum for an infinite
quench rate ��→0�, when the system has no time to adjust to
the quench and remains in the old ground state leading to a
normalized defect density of 1. As the rate of quench is de-

creased, n decreases quickly before settling down to a 1 /��
behavior for large �.

It is useful to note that the Hamiltonian Hk in Eq. �7� can
also be written, after a suitable change of basis, as

Hk� = 2� J− sin�k/2� − iJ+ cos�k/2�
iJ+ cos�k/2� − J− sin�k/2�


 , �12�

where J�=J1�J2. This form is useful if, for instance, one
wants to study the effect of quenching J− from −� to �
keeping J+ fixed.

B. Correlation functions

Let us now consider how the system may be described at
the final time t→� when J1=�. In principle, the time evo-
lution of the system is unitary, so that it will always be a pure
state. However, for each momentum k, the wave function is

given by �1− pk
2ke
−iEk

2t+�pk
1ke
−iEk

1t, where Ek
1,2= ��. As

a result, the final density matrix of the system will have
off-diagonal terms involving 
2k

� 
1k and 
1k
� 
2k which vary

extremely rapidly with time; their effects on physical quan-
tities will therefore average to zero. Hence the final density
matrix is effectively diagonal like that of a mixed state,11

where the diagonal entries are time independent as t→� and
are given by 1− pk and pk. Such a density matrix is associ-
ated with an entropy which we will discuss in Sec. III C in
the context of 2D Kitaev model.

Using the above density matrix, we will now compute the
correlation functions corresponding to the operators Or
= ibnan+r, where r is an integer. In terms of the spins, as can
be seen from Eq. �4�, the operator Or can be written as

O0 = �2n
x �2n+1

x , O1 = �2n+1
y �2n+2

y ,

Or = �2n+1
y � �

j=2n+2

2n+2r−1

� j
z
�2n+2r

y for r � 2,

=�2n+2r
y � �

j=2n+2r+1

2n

� j
z
�2n+1

y for r � − 1. �13�

We will calculate the expectation values of these operators
shortly. In principle, one can also consider expectation values

FIG. 2. Defect density produced by quenching J1 in d=1.
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of the operators ianan+r and ibnbn+r; however, a direct calcu-
lation shows that these vanish if r�0. Further, for the Kitaev
model, it has been shown that the spin-spin correlations be-
tween sites lying on different bonds vanish, i.e., ��2n

x �2n+r
x �

=0 for �r��2.23 Therefore �Or� are the only nonvanishing
spin-correlators of the model.25

To compute �Or� we note that Or can be expressed in
terms of the fermion operators ak and bk. This will in general
involve summations over two different momenta k and k�.
However, when �Or� is computed in a direct product of states
involving ak and bk, only terms in which k�=k will contrib-
ute. In the limit N→�, the relevant part of Or which con-
tributes to the correlation function can be written as

Or = −
4i

N
�
k=0

	

�bk
†ake

ikr − ak
†bke

ikr� . �14�

Using the wave functions given in Eq. �9�, we find that

�Or� = � �
0

	

dk cos�kr� = � �r,0, �15�

where the + and − signs refer to the ground states of J1
=−� and �, respectively. This is expected since �2n

x �2n+1
x

= �1 while all other correlations vanish in those two states.
Finally, after quench, in a state in which we have a mixture
of the ground and excited states of J1=� with probabilities
1− pk and pk, respectively, we find that

�Or� = − �r,0 +
2

	
�

0

	

dkpk cos�kr� . �16�

A plot of �Or� without the �-function peak as a function of r
is shown for representative values of J2�=1,10 in Fig. 3. We
find that �Or� shows a damped oscillatory behavior. Note that
since �Or�=−�r,0 for the ground state of H1D for J1→�, the
plot of �Or� in the state of the system after the quench pro-
vides a direct measurement of the spatial extent of the cor-
relation between the defects generated during the quench.

For J2��1, the dominant contribution in the integral in
Eq. �16� comes from the regions near k=0 and 	 as can be
seen from the expression for pk in Eq. �11�. One can combine
these two regions and write the expression in Eq. �16� ap-
proximately as

�Or� = − �r,0 +
2

	
�

0

�

dke−2	J2�k2
�cos�kr� + cos��	 − k�r��

= − �r,0 +
1 + �− 1�r

	

e−r2/�8	J2��

�2J2�
. �17�

Note that this vanishes if r is odd. For a given value of J2�,
the expression in Eq. �17� decreases with increasing r, par-
ticularly for r��8	J2�. On the other hand, for a given large
value of r, Eq. �17� has a maximum at �=r2 / �4	J2�. The fact
that the crossover in both cases occurs around r��4	J2�
signals the fact that the associated length scale for the defect
correlation function is of order �4	J2�.

C. Sum rule

There is a sum rule that we can write down for �Or�. From
Eq. �16�, we see that

Ototal � �
r=−�

�

�Or� = − 1 + 2p0, �18�

where we have used the identity �re
ikr=2	��k� for −	
k


	. Going back to Eq. �10�, we see that for k=0, the Hamil-
tonians at different times commute with each other irrespec-
tive of how J1 is varied in time from −� to �. This means
that if we start with the ground state of J1=−�, no transition
will occur at any time, and we will have p0=1. Equation �18�
then implies that Ototal=1.

III. TWO-DIMENSIONAL KITAEV MODEL

A. Defect density

When J3�0, the Kitaev model with Hamiltonian given
by Eq. �1� describes a spin model on a hexagonal 2D lattice.
Usually spin models are not exactly solvable in two dimen-
sions. One of the main properties of the Kitaev model which
makes it theoretically attractive is that, even in 2D, it can be
mapped onto a noninteracting fermionic model by a suitable
Jordan-Wigner transformation.21,22,25,26 In terms of the Majo-
rana fermions ajl and bjl one can write

ajl = � �
i=−�

j−1

�il
z
� jl

y for even j + l ,

FIG. 3. �Color online� Plot of correlation function �Or� sans the
�-function peak as a function of r for J2�=10 �red circles and red
solid line� and J2�=1 �black squares and black dashed line�. �Or�
shows a damped oscillatory behavior as a function of r.
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bjl = � �
i=−�

j−1

�il
z
� jl

x for odd j + l , �19�

where ajl and bjl obey the same anticommutation relations as
1D. Such a transformation maps the spin Hamiltonian H in
Eq. �1� to a fermionic Hamiltonian given by

H2D = i�
n�

�J1bn�an�−M� 1
+ J2bn�an�+M� 2

+ J3Dn�bn�an�� , �20�

where n� =�3în1+ �
�3
2 î+ 3

2 ĵ�n2 denote the midpoints of the ver-
tical bonds. Here n1 ,n2 run over all integers so that the vec-
tors n� form a triangular lattice whose vertices lie at the cen-
ters of the vertical bonds of the underlying honeycomb
lattice; the Majorana fermions an� and bn� sit at the top and
bottom sites, respectively, of the bond labeled n� . The vectors

M� 1=
�3
2 î+ 3

2 ĵ and M� 2=
�3
2 î− 3

2 ĵ are spanning vectors for the
reciprocal lattice, and Dn� can take the values �1 indepen-
dently for each n� �Fig. 1�. The crucial point that makes the
solution of Kitaev model feasible is that Dn� commutes with
H2D, so that all the eigenstates of H2D can be labeled by
specific values of Dn�. It has been shown that for any value of
the parameters Ji, the ground state of the model always cor-
responds to Dn� =1 on all the bonds. Since Dn� is a constant of
motion, the dynamics of the model starting from any ground
state never takes the system outside the manifold of states
with Dn� =1.

For Dn� =1, it is straightforward to diagonalize H2D in mo-
mentum space. We define Fourier transforms of the Majorana
operators an� as

an� =� 4

N
�

k�
�ak�e

ik�·n� + ak�
†e−ik�·n�� ,

bn� =� 4

N
�

k�
�bk�e

ik�·n� + bk�
†e−ik�·n�� , �21�

where N is the number of sites �assumed to be even, so that
the number of unit cells N /2 is an integer�, and the sum over
k� extends over half the Brillouin zone of the 2D hexagonal
lattice. We have the anticommutation relations �ak� ,ak��

† �
=�k�,k��, �ak� ,ak���=0, and similarly for bk� and bk�

†. We then ob-

tain H2D=�k�
k�
†Hk�
k�, where 
k�

†= �ak�
† ,bk�

†�, and Hk� can be ex-
pressed in terms of Pauli matrices �1,2,3 as

Hk� = 2�J1 sin�k� · M� 1� − J2 sin�k� · M� 2���1

+ 2�J3 + J1 cos�k� · M� 1� + J2 cos�k� · M� 2���2. �22�

The energy spectrum of H2D consists of two bands with en-
ergies

Ek�
� = � 2��J1 sin�k� · M� 1� − J2 sin�k� · M� 2��2

+ �J3 + J1 cos�k� · M� 1� + J2 cos�k� · M� 2��2�1/2. �23�

We note for �J1−J2��J3� �J1+J2�, these bands touch each
other so that the energy gap �k� =Ek�

+−Ek�
− vanishes for special

values of k� leading to the gapless phase of the
model.21,22,25,28

We will now quench J3�t�=Jt /� at a fixed rate 1 /�, from
−� to �, keeping J, J1 and J2 fixed at some nonzero values;
we have introduced the quantity J to fix the scale of energy.
We note that the ground states of H2D corresponding to J3
→−���� are gapped and have � j,l

z � j,l+1
z =1�−1� for all lattice

sites �j , l�. To study the state of the system after the
quench, we first note that after an unitary transformation U
=exp�−i�1	 /4�, one can write H2D=�k�
k�

�†Hk�
�
k�

�, where Hk�
�

=UHk�U
† is given by

Hk�
� = 2�J1 sin�k� · M� 1� − J2 sin�k� · M� 2���1

+ 2�J3�t� + J1 cos�k� · M� 1� + J2 cos�k� · M� 2���3.

�24�

Hence the off-diagonal elements of Hk�
� remain time indepen-

dent and the problem of quench dynamics reduces to a
Landau-Zener problem for each k�. The defect density can
then be computed following a standard prescription,31

n =
1

A
�

k�
d2k�pk� ,

pk� = e−2	��J1 sin�k� · M� 1� − J2 sin�k� · M� 2��2/J, �25�

where A=4	2 / �3�3� denotes the area of half the Brillouin
zone over which the integration is carried out. Since the in-
tegrand in Eq. �25� is an even function of k�, one can extend
the region of integration over the full Brillouin zone. This
region can be chosen to be a rhombus with vertices lying at
�kx ,ky�= ��2	 /�3,0� and �0, �2	 /3�. Introducing two in-
dependent integration variables v1 ,v2, each with a range 0
�v1 ,v2�1, one finds that

kx = 2	
v1 + v2 − 1

�3
, ky = 2	

v2 − v1

3
. �26�

Such a substitution covers the rhombus uniformly and facili-
tates the numerical integration necessary for computing n.

A plot of n as a function of the quench time J� and �
=tan−1�J2 /J1� �we have taken J1�2�=J cos����sin����� is
shown in Fig. 4. We note that the density of defects produced
is maximum when J1=J2. This is due to the fact that the
length of the gapless line through which the system passes
during the quench is maximum at this point. This allows the
system to remain in the nonadiabatic state for the maximum
time during the quench, leading to the maximum density of
defects. For J1 /J3�2J2 /J3, the system does not pass through
a gapless phase during the quench, and the defect production
is exponentially suppressed.

For sufficiently slow quench 2	J��1, pk� is exponentially
small for all values of k� except in the region near the line

J1 sin�k� · M� 1� − J2 sin�k� · M� 2� = 0, �27�

and the contribution to the momentum integral in Eq. �25�
comes from values of k� close to this line of zeros. We note
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that the line of zeros where pk� =1 precisely corresponds to
the zeros of the energy gap �k� as J3 is varied for a fixed J2
and J1. Thus the system becomes nonadiabatic when it
passes through the intermediate gapless phase in the interval
�J1−J2��J3�t�� �J1+J2�. It is then easy to see, by expanding
pk� about this line that in the limit of slow quench, the defect
density scales as n�1 /��. We note that the scaling of the
defect density with the quench rate in a quench where the
system passes through a critical line in momentum space is
different from the situation where the quench takes the sys-
tem through a critical point. In the latter case, for the Kitaev
model which has z=�=1, Ref. 4 predicts a defect density n
�1 /� for d=2. Thus the defect density crucially depends on
the dimensionality of the critical surface through which the
system passes during the quench. This observation leads to a
simple but general conclusion which we present below.

Consider a d-dimensional model with z=�=1 described
by a Hamiltonian

Hd = �
k�


k�
†���k�,t� ��k��

���k�� − ��k�,t�


k� , �28�

where ��k� , t�=��k��t /�. Now let us assume that the quench
takes such a system through a critical surface of d−m dimen-
sions. The defect density for a sufficiently slow quench can
be expressed as31,32

n =
1

A
�

BZ

ddkp�k��, where p�k�� = e−	�f�k��,

�
1

A
�

BZ

ddk exp	− � �
��=1,m

g��k�k�
 � 1/�m/2,

�29�

where pk� is the defect probability for momentum k�, f�k��
= ���k���2 / ���k��� vanishes on the d−m dimensional critical
surface, � ,� denote one of the m orthogonal directions to the
critical surface and g��= ��2f�k�� /�k��k��k��critical surface. We

note that this result depends only on the property that f�k��
has to vanish on a d−m dimensional surface, and not on the
precise nature of f�k��. For m=d, where the quench takes the
system through a critical point, our results coincide with that
of Ref. 4.

Finally we generalize our arguments for models where the
d−m dimensional hypersurface is characterized by correla-
tion length exponent � and dynamical critical exponent z. Let
us assume that the system is described by a Hamiltonian
H���t�� with quasi-energy eigenvalues E�k� , t� and that the
time evolution of the parameter ��t�=�0�t /�� takes the sys-
tem through the critical point �0=�c at t= t0. First we note
that for large �, a nonvanishing probability of defect forma-
tion requires the nonadiabaticity condition ���k���2

���E�k� , t� /�t�.4 Also, since �E�k� , t� /�t= ��E�k� , t� /����−1 and
near the critical point E��z�, we get

�2 � �−1�z�−1. �30�

Further, as shown in Ref. 4, near any point on the critical
surface, quite generally, one has ���k�z, ��k1/� and k
�1 /��/�z�+1�. Using these relations we find from Eq. �30� that
on any point near the gapless surface,

� � 1/�z�/�z�+1�. �31�

Next, let us consider the available phase space for formation
of defects. When the quench takes the system through a d
−m dimensional hypersurface in momentum space, the avail-
able phase space is ��km��m/z. Since this available phase
space is directly proportional to the defect density,4 we find,
using Eq. �31�,

n � � � �m/z � 1/�m�/�z�+1�. �32�

This generalizes the scaling law for defect density to arbi-
trary critical systems. Note that for z=�=1, we recover our
earlier result n�1 /�m/2 �Eq. �29��. For m=d, which repre-
sents quench through a critical point, we also recover the
result of Ref. 4 �n�1 /�d�/�z�+1�� as a special case.

B. Defect correlation

The calculation of the correlation function can be accom-
plished along similar lines as in 1D. First, we define the
operators,

Or�
2D = ibn�an�+r�. �33�

In terms of the spin operators, we have O
0�
2D

=� j,l
z � j,l+1

z . For

r��0� , Or�
2D can be written as a product of spin operators going

from a b site at n� = �j , l� to an a site at n� +r�= �j� , l��: The
product will begin with a �x or �y and end with a �x or �y

with a string of �z’s in between, where the choice of the
initial and final � matrices depends on whether the values of

j+ l and j�+ l� are even or odd. Note that Or�
2D for r��0� mea-

sures correlation between the defects produced during the
quench. In particular, a plot of the correlation function �Or�

2D�
versus r� in the defect ground state provides an estimate of the
shape and spatial extent of the defect correlations produced
during the quench. Note that �Or�

2D�2=1, so that all the mo-

FIG. 4. �Color online� Plot of defect density n as a function of
the quench time J� and �=tan−1�J2 /J1�. The density of defects is
maximum at J1=J2.
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ments of Or�
2D can be found trivially: ��Or�

2D�n�= �Or�
2D� if n is

odd and =1 if n is even.
Or�

2D can be written in terms of the Majorana fermion op-
erators ak� and bk�; this again involves a sum over two differ-
ent momenta k� and k��. However, the expectation value of
Or�

2D in a direct product of states involving k� only gets a
contribution from terms in which k��=k�. It turns out that the
relevant part of Or�

2D that contributes to the expectation values
can be written as

Or�
2D =

4i

N
�

k�
�bk�

†ak�e
ik�·r� − ak�

†bk�e
−ik�·r�� . �34�

The ground state and excited states for J3=−� are given
by 
1k� and 
2k�, respectively, while the two states are inter-
changed for J3=�. Using Eq. �9�, we find that

�Or�
2D� = �

4

N
�

k�
cos�k� · r�� , �35�

where the + and − signs refer to the ground states of J3
=−� and �, respectively. This confirms our earlier expecta-
tion that in the ground states of J3→−����, �Or�

2D�= ��r�,0�.
Finally, in the state after quench, in which we have a mixture
of the ground and excited states of J3=� with probabilities
1− pk� and pk�, respectively, we find that

�Or�
2D� = − �r�,0� +

2

A
� d2k�pk� cos�k� · r�� , �36�

where the integral over momentum runs over half the Bril-
louin zone with area A. ��Or�

2D�=−�r�,0� for an infinitely slow
quench since in this case the nearest-neighbor spins are an-
tiferromagnetically oriented in the final ground state. Any
deviation of the system from such an antiferromagnetic
ground state is called a defect. Hence the second term in Eq.
�36� is a measure of the defect correlation� Note that the full
Brillouin zone as well as pk� remains invariant under a reflec-
tion through the point k� = �	 /�3,0�: kx→2	 /�3−kx, ky

→−ky. However, cos�k� ·r�� changes by a factor of �−1�n2, if
the components of r� are given by x=�3�n1+n2 /2� and y
=3n2 /2. Hence, �Or�

2D�=0 for odd values of n2.
For large values of �, substituting the expression in Eq.

�25� in the above integral, we find that the dominant contri-
bution comes from the region near the line given in Eq. �27�.
Thus at every point k�0 lying on that line, we can introduce
variables k� and k� which vary along the line and perpen-
dicular to it along the directions n̂� and n̂� respectively.
Close to k�0, the integrand in Eq. �36� will take the form
exp�−a�k�

2 � i�k�0+k�n̂� +k�n̂�� ·r��, where a is a number of
order 1 whose value depends on k�0. The integral over k� will
give a factor of exp�−�r� · n̂��2 / �4a��� /�a�. Thus we find that
the density of defects is of order 1 /�� in accordance with Eq.
�29�. This also leads us to expect that the spatial range of the
defect correlation should go as ��.

Next we consider the shape of the defect correlation func-
tion. For this purpose, we evaluate Eq. �36� numerically so as
to obtain the r� dependence of �Or�

2D�. In general, we expect

the correlation will be anisotropic in space if J1 /J2�1 or �1
which can be most easily seen from the fact that setting J1
=0 or J2=0 leads to the 1D result derived in Sec. II B. A plot
of the correlation function �Or�

2D�, without the �-function
peak at r�=0, and as a function of n1 and n2, where x
=�3�n1+n2 /2� and y=3n2 /2 is shown in Fig. 5. In this plot,
we have omitted the �-function contribution to �Or�=0

2D � in or-

der to make the correlations at r��0� visible. In the x direc-
tion, the correlations oscillate; the amplitude of oscillations
decays monotonically with x, in a qualitatively similar man-
ner to the 1D correlation function Or shown in Fig. 2 for y
=n2=0. The correlations decay in a monotonic way with y
for x=n1+n2 /2=0 �along the straight line at an angle �
=tan−1�−0.5� in the figure�. Thus the correlations behave
quite anisotropically even for J1=J2.

We now aim at obtaining an understanding of the varia-
tion of the spatial dependence of �Or

2D� with the parameters
J1 and J2. Such a variation can be analytically understood by
noting that for J��1, the maximum contribution to �Or��
comes from around the wave vector k�0 for which p�k�0�=1.

For J2� ���1, this occurs when sin�k� ·M� 2�M� 1��=0 which

yields k�0=	��3î� ĵ� /2. The maximum contribution to �Or�
2D�

occurs where cos�k�0 ·n�� is maximum, i.e., k�0 ·n� =0. Thus for
J2� ���J1, �Or�

2D� is expected to be maximal along the lines
n1+n2=0�n2=0� in the n1−n2 plane. This expectation is con-
firmed as seen in Fig. 6 which shows �Or

2D� for several rep-
resentative values of J2 /J for a fixed J1=J and J�=5. We
find that �Or�� is maximal along n2=0�n1+n2=0� line for J2
=5�0.25�J1. This clearly shows that the defects produced in
the quench will be highly anisotropic in this limit. For inter-
mediate values of J1 and J2, the anisotropy in �Or

2D� can be
similarly deduced by first finding k�0 for which pk�0

=0 and
then computing n� for which k�0 ·n� vanishes. The gradual evo-
lution of the shape of �Or

2D� as we go from the limit J2�J1 to
the limit J2�J1 can be seen in Fig. 6.

To obtain a more detailed picture of the spatial anisotropy
of the defect correlations as a function of J1 /J2 we define a
parameter �: J1�2�=J cos����sin����. A variation of � there-
fore changes the ratio J1 /J2 from 0 to � while fixing J1

2

+J2
2=J2=1. The plot of �Or�

2D� at points �n1 ,n2�= �−1,0� �on
the x axis of the n1−n2 plane�, �n1 ,n2�= �2,−2� �along the

FIG. 5. �Color online� Plot of Or�
2D sans the �-function peak at

the origin for J1=J2=J and J�=5 as a function of n1 and n2 �see
text for details�. The spatial anisotropy of the defect correlation
function is clearly evident even for J1=J2.
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−45° line in the n1−n2 plane� and �n1 ,n2�= �0,−2� �on the y
axis of the n1−n2 plane� as a function of � shown in Fig. 7
clearly reveal the nature of the anisotropy of the correlation
function. We find that as the ratio of J1 /J2=tan��� is varied
from 0 to �, the correlation on the representative point �1,0�
along the x axis increases till it reaches the point J1=J2 ��
=	 /4� and then decays to 0 as � approaches 	 /2. This sig-
nifies that the correlation along the x axis in the n1−n2 plane
becomes maximum for J1=J2. On the other hand, for the
representative point �0,2� on the y axis and 2,−2 along the
line with slope −45°, the correlation becomes maximum
when J2�J1 ��=0� and J2�J1 ��=	 /2�, respectively, as
expected from Fig. 6. This lead us to conclude that the spa-
tial anisotropy of the defect correlation function �Or�

2D� de-
pends crucially on the ratio of J1 /J2.

Finally we note that we can obtain a measure of the spa-
tial extent of the defect correlation function by calculating

�r�2� � �
r�

r�2�Or�
2D� . �37�

To evaluate this, we first rewrite Eq. �36� as

�Or�
2D� = − �r�,0� +

1

A
� d2k�pk�e

ik�·r�, �38�

where the integral now runs over the entire Brillouin zone.
We then note that r�2eik�·r�=−�k�

2eik�·r�, integrate by parts in Eq.

�38� so as to make �k�
2 act on pk�, and use the identity �r�e

ik�·r�

=2A�2�k��, to obtain �r�2�=−2��k�
2pk��k�=0� =24	��J1

2+J2
2

+J1J2� /J. This shows that the spatial extent of �Or�
2D� grows

as �� for large �. �Equation �17� shows that we get the same
behavior in 1D.� Finally, we can get an idea of the spatial
anisotropy of �Or�

2D� by computing

�r�2�� � �
r�

�x cos � + y sin ��2�Or�
2D� , �39�

where r�= �x ,y�, and � denotes a direction along which the
spatial extent is being calculated. By writing �x cos �
+y sin ��2eik�·r�=−�cos �� /�kx+sin �� /�kx�2eik�·r�, we can
prove that �r�2��=6	���J1−J2�cos �+�3�J1+J2�sin ��2 /J. We
see that �r�2�� has a marked dependence on �; in fact, it van-
ishes in the direction given by �=tan−1��J2−J1� /�3�J2+J1��,
and is maximum in the perpendicular direction. These state-
ments should be interpreted with some care; �r�2�� may be
small for some value of � either due to a cancellation be-
tween positive and negative correlations or because �Or�

2D� is
small in that direction.

We note that the sum rule discussed in Sec. II C is also
valid in 2D, and we get �r��Or�

2D�=−1+2p0� =1 regardless of
how J3 is varied from −� to �.

C. Entropy

As discussed in Sec. II B, for each momentum k�, the final
density matrix is effectively diagonal, with entries 1− pk� and
pk�. The density matrix of the entire system takes the product
form �= � �k�. The von Neumann entropy density corre-
sponding to this state is given by

s = −
1

A
� d2k���1 − pk��ln�1 − pk�� + pk� ln pk�� , �40�

where the integral again goes half the Brillouin zone. Let us
now consider the dependence of this quantity on the quench-
ing time scale �.12 If � is very small, the system stays in its
initial state and pk� will be close to 1 for all values of k�; for
the same reason, �O0�� will remain close to 1. If � is very
large, the system makes a transition to the final ground state
for all momentum except near the line described in Eq. �27�.
Hence pk� will be close to 0 for all k� except near that line, and
�O0�� will be close to −1. In both these cases, the entropy
density will be small. We therefore expect that there will be
an intermediate region of values of � in which s will show a

FIG. 6. �Color online� Plot of �Or
2D� sans the �-function peak at

the origin as a function of r� for several representative values of J2 /J
for J1=J and J�=5. The plot displays the change in the shape of
defect correlation function as a function of J2 /J1 �see text for
details�.

FIG. 7. �Color online� Plot of �Or
2D� �sans the �-function peak�

at representative points �−1,0� on the x axis �black solid line� �0,2�
on the y axis �blue dotted line� and �2,−2� along −45° in the n1

−n2 plane �red dashed line� as a function of �=tan−1�J2 /J1� for
fixed J2=1.
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maximum and �O0�� will show a crossover from −1 to 1. A
plot of s and as a function of J� and � shown in Fig. 8
confirms this expectation. We find that the entropy reaches a
maximum for the intermediate value of J� where �O0��
crosses over from −1 to 1 for all values of �.

IV. EXTENDED KITAEV MODEL

The extended Kitaev model, described by H2 �Eq. �2��,
can also be mapped, using the Majorana transformation
given by Eq. �19�, to a Fermionic Hamiltonian,

H1� = iJ4 �
�j,l��A

�aj,laj+2,l − bj,l+1bj+2,l+1� + H2D,

�41�
where H2D is given by Eq. �20�. We note that in this model,
just as for H2D, Dn commutes with all the terms in the Hamil-
tonian and the ground state corresponds to Dn=1 for all links
of the honeycomb lattice. Thus, in momentum space, H1� re-
duces to a bilinear 2 by 2 matrix Hamiltonian H2�
=�k�
�k��†H3��k��
�k��, where

H3��k�� = 2��J1 sin�k� · M� 1� − J2 sin�k� · M� 2���1

+ �J3 + J1 cos�k� · M� 1� + J2 cos�k� · M� 2���2

− J4�
k

sin��3kx��3� . �42�

This can be diagonalized to obtain the energy eigenvalues

Ek�
�� = � 2�J4

2 sin2��3kx� + �J3 + J1 cos�k� · M� 1�

+ J2 cos�k� · M� 2��2 + �J1 sin�k� · M� 1�

− J2 sin�k� · M� 2��2�1/2. �43�

Note that the presence of a nonzero J4 introduces a gap in the
spectrum �except when �3kx=n	� for all values of J1, J2 and
J3. Thus the quench of J4 �J4=J�t /��� carries the system
through a critical point at t=0 provided �J1−J2��J3� �J1
+J2�.

The probability pk� of defect formation in such a quench,

where the system evolves according to Landau-Zener dy-
namics, can be read off from Eqs. �42� and �43� as

pk� = e�− 	��E
k�
���2�J4=0/�2J sin��3kx��. �44�

The density of defects is thus given by n=�d2k�pk� /A, where
the integral is taken over half the Brillouin zone defined
by the triangle with vertices lying at �kx ,ky�
= �2	 /�3,0� , �0,2	 /3� , �0,−2	 /3� and A is the area of this
region. A plot of the defect density as a function of the
quench rate � and �=J3 /J1 for J1=J2=J is shown in Fig. 9.
Note that for large quench time �, the maximum contribution
to the quench comes from around the momentum k�0

= �kx0 ,ky0� for which �Ek�0
���J4=0 vanishes. Around this point

pk� �exp�−	J���,�=x,yf���k�0��k� −k�0���k� −k�0��� so that n
�1 /� in accordance with the prediction of the general for-
mula Eq. �32� for d=m=2 and �=z=1.

Next, we look at the defect correlation functions for the
extended Kitaev model. To this end, we define the operator,

Or�
ext = i�an�an�+r� − bn�bn�+r�� , �45�

and consider its expectation value for r��0� . Here r�= ��3n1
+�3n2 /2,3n2 /2� �with integers n1 and n2� specifies the sites

of the honeycomb lattice. �For r�=0� , Or�
ext vanishes since an�

2

=bn�
2=1.�
For J4→ ��, the model reduces to a set of decoupled

chains involving Majorana fermions on nearest-neighbor

sites. For this model, it is known33 that for r��0� ,

�Or�
ext� = � �n2,0

2

	n1
��− 1�n1 − 1� �46�

in the ground states for J4→ ��, respectively. For generic
values of J4 and for a mixed final state after the quench
characterized by a defect probability pk�, we find

�Or�
ext� = −

8

N
�

k�
�ak�

†ak� − bk�
†bk��sin�r� · k��

=�n2,0
2

	n1
��− 1�n1 − 1�

+
4

A
� d2k� sgn�sin��3kx��pk� sin�r� · k�� . �47�

FIG. 8. �Color online� Plot of the entropy density s as a function
of J� and �=tan−1�J2 /J1�. The entropy density peaks when �O0��
crosses from −1 to 1 as discussed in the text.

FIG. 9. �Color online� Plot of the defect density as a function of
�=J3 /J1 and J� for J1=J2=J.

QUENCH DYNAMICS AND DEFECT PRODUCTION IN THE… PHYSICAL REVIEW B 78, 045101 �2008�

045101-9



The sign of sin��3kx� appears in Eq. �47� because for J4

→�, the ground state of Eq. �42� has �ak�
†ak� −bk�

†bk��= �1 de-
pending on whether sin��3kx��0 or 
0, respectively.

To obtain an analytical understanding of the nature of the
correlation function, we look at the case where J1=J2=J,
J3=�J and J�→�. Note that one needs the condition 0
���2 for the system to pass through a gapless �critical�
point during the quench. In this case, the main contribution
to the last term of the correlation function �Or�

ext� in Eq. �47�
comes from k� =k�0= (�2 /�3�cos−1�−� /2� ,0), where pk�=k�0

=1.
Thus for J�→� one gets

�Or�
ext� � sin	�2n1 + n2�cos−1�− �

2


 , �48�

where we have omitted the first term �proportional to �n2,0� in
Eq. �47�. Equation �48� clearly brings out the dependence of
the spatial anisotropy of the defect correlation function as a
function of �. In particular, for �=0, �Or�

ext��sin��n1

+n2 /2�	�, so that its sign alternates between sites with odd
and even values of n1 �if n2 is odd�. Similarly, for �=2,
�Or�

ext��sin��2n1+n2�	��0. Such a behavior of the correla-
tion function is qualitatively supported by the numerical
computation of �Or�

ext� for J1=J2=J, J3=�J and J�=3 as
shown in Fig. 10. We find that for �=0 �top left plot of Fig.
10�, it alternates between odd and even n1 sites, while for �
close to 2 �bottom right plot in Fig. 10�, the correlation func-
tion is much smaller than for �=0.

Finally, we compute the entropy generated due to such a
quench process given by Eq. �40� where pk� is given by Eq.
�44�. A plot of the entropy density as a function of J� and
�=tan−1�J2 /J1� with J1=J3=J is shown in Fig. 11. Once

again we find, similar to that in the Kitaev model, that the
entropy density peaks for intermediate value of �.

V. DISCUSSION

In conclusion, we have studied the quench dynamics of
the Kitaev model in 1D and 2D and the extended Kitaev
model in 2D. For the 1D Kitaev model and the 2D extended
Kitaev model, we have shown that the defect density scales
as 1 /�d/2 with the quench time �, in accordance with the
general results of Ref. 4. For the 2D Kitaev model, where the
quench takes the system through a gapless line, we found
that the scaling of the defect density with � changes due to
the presence of a critical line instead of a critical point. In
this context, we have presented a general formula for the
quench rate dependence of the defect density for a d dimen-
sional system when the quench takes such a system through
a d−m dimensional critical surface. We have also computed
the defect correlation function for such quenches by an exact
computation of all independent nonzero spin correlation
functions in the defect ground state. In d=2, we have found
that the defect correlation function exhibits spatial anisotropy
and studied the dependence of this anisotropy with the sys-
tem parameter. Finally, we have computed the entropy gen-
erated in such processes and have shown that the entropy
peaks approximately at values of the quench rate for which
the defect correlation function changes from −1 to 1.

There have been proposals for experimentally realizing
the Kitaev model in systems of ultracold atoms and mol-
ecules trapped in optical lattices.34 If this can be done, the
evolution of the defect correlations with various parameters
�such as J2 /J1 as shown in Fig. 7� can, in principle, be ex-
perimentally detected by spatial noise correlation measure-
ments as pointed out in Ref. 35.

We would like to mention here that the quench dynamics
of the XXZ spin-1/2 chain has been recently studied with the
Hamiltonian being varied along a line in parameter space
where the model is critical.36,37 In momentum space, the
model only has a finite number of critical points, but the
system stays close to those critical points for a long time.
This is a different situation from the one that we have ana-
lyzed in Sec. III where there is a line of critical points in
momentum space; hence our results for the scaling of the
defect density are not applicable to the work in Refs. 36 and
37. Also, recently, several authors have studied the effect of
nonlinear quench through a quantum critical point.38,39 Our

FIG. 10. �Color online� Plot of the defect correlation function
�sans the first term with the �-function peak in Eq. �47�� with J�
=3 and J1=J2=J for several representative values of �=J3 /J1. See
text for details.

FIG. 11. �Color online� Plot of the entropy density s as a func-
tion of quench time � and �=J3 /J1.

MONDAL, SEN, AND SENGUPTA PHYSICAL REVIEW B 78, 045101 �2008�

045101-10



analysis given here does not straightforwardly generalize to
these quenches. Such a generalization would require further
study which is outside the scope of the current work.

Finally, we would like to note that we have not studied the
generation of topological defects in this work. This requires
us to consider a quench which takes the system from one
topological sector to another. This is difficult to study ana-
lytically because such a quench is generally not translation
invariant; hence the system will not decouple into a number

of Landau-Zener problems each of which involves only two
states labeled by a momentum k�.
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